In 2004, Kim and Chan (KC) reported a decrease in the period of torsional oscillators (TO) containing samples of solid 4 He, as the temperature was lowered below 0.2 K Science 305(5692) :1941-1944]. These unexpected results constituted the first experimental evidence that the long-predicted supersolid state of solid 4 He may exist in nature. The KC results were quickly confirmed in a number of other laboratories and created great excitement in the low-temperature condensed-matter community. Since that time, however, it has become clear that the period shifts seen in the early experiments can in large part be explained by an increase in the shear modulus of the He from possible supersolid signals, which are expected to be independent of frequency. We find in our measurements that as the temperature is lowered below 0.2 K, a clear frequency-dependent contribution to the period shift arising from changes in the 4 He elastic properties is always present. For all of the cells reported in this paper, however, there is always an additional small frequency-independent contribution to the total period shift, such as would be expected in the case of a transition to a supersolid state.
In 2004, Kim and Chan (KC) reported a decrease in the period of torsional oscillators (TO) containing samples of solid 4 He, as the temperature was lowered below 0.2 K [Kim E, Chan MHW (2004) Science 305(5692) :1941-1944] . These unexpected results constituted the first experimental evidence that the long-predicted supersolid state of solid 4 He may exist in nature. The KC results were quickly confirmed in a number of other laboratories and created great excitement in the low-temperature condensed-matter community. Since that time, however, it has become clear that the period shifts seen in the early experiments can in large part be explained by an increase in the shear modulus of the . Using multiple-frequency torsional oscillators, we can separate frequency-dependent period shifts arising from changes in the elastic properties of the solid 4 He from possible supersolid signals, which are expected to be independent of frequency. We find in our measurements that as the temperature is lowered below 0.2 K, a clear frequency-dependent contribution to the period shift arising from changes in the 4 He elastic properties is always present. For all of the cells reported in this paper, however, there is always an additional small frequency-independent contribution to the total period shift, such as would be expected in the case of a transition to a supersolid state.
supersolid | helium 4 | torsional oscillators T he idea of the existence of a supersolid state, a new phase of matter, stimulated a large number of experimental and theoretical works over the past 45 y, especially in the past decade. Such a state is assumed to present properties of superflow in a, most likely bosonic, solid. It was first suggested to exist based on theoretical grounds by Andreev and Lifshitz (1), Chester (2) , and Leggett (3) in the late 1960s and early 1970s. Because 4 He exhibits superfluidity, and because it is a bosonic material with a low mass and weak interatomic interactions, solid 4 He was a natural candidate in the search for supersolidity.
Torsional oscillators (TOs) have been the chief instrument in the investigation of this possible supersolid state of 4 He. The use of TOs in the search for this state follows a suggestion by Leggett in 1970 (3) that the appearance of the supersolid state would result in an anomalous superfluid-like decoupling of a portion of the moment of inertia of the solid 4 He sample from the TO in a manner analogous to the decoupling of the superfluid fraction of liquid 4 He as observed by Andronikashvili (4) in his early TO experiments. Such a reduction of the moment of inertia upon entering the superfluid or supersolid state was termed by Leggett to be a nonclassical rotational inertia (NCRI). The NCRI reduction in the moment of inertia is then expected to begin to increase with decreasing temperature below an onset temperature and lead to an observable decrease in the period of a TO containing a supersolid sample.
The first attempt to observe the proposed supersolid state using a TO, at Bell Labs (5), gave negative results and it was concluded that a supersolid signal, if present, was below the detection level of few parts in 10 5 . However, subsequent TO experiments by Kim and Chan (KC) gave positive results and the anomalous decrease in the TO period or NCRI expected for the supersolid state was observed. The first observations were obtained for solid 4 He samples contained in porous Vycor glass (6) . Later, the NCRI effect was observed by KC (7) for bulk samples of solid 4 He. KC demonstrated in a series of experiments that the magnitude of the NCRI was velocity-dependent, being reduced at high wall velocities, and also sensitive to the impurity concentration of 3 He. These results for the bulk solid were soon replicated in a number of different laboratories (8) (9) (10) (11) and were initially interpreted as evidence for a supersolid phase in solid 4 He. Over time, the supersolid interpretation of the early TO data has been brought into question by the increasing awareness of the importance of the significant role that an anomaly in the elastic constants of solid 4 He can play in contributing to the period shifts observed in the TO experiments. Following the earlier work at Bell Labs by Paalanen et al. (12) , Day and Beamish (DB) (13) at the University of Alberta made a detailed study of the temperature dependence of the shear modulus of solid 4 He. DB found an anomalous decrease in the shear modulus of the solid as the temperature was raised from temperatures below 40 mK to above 250 mK. This is the same temperature range over which the NCRI phenomenon has been observed in TO experiments. In their early work, DB report fractional changes in the shear modulus of up to 10%. Depending on the design of a TO, such variations in the helium shear modulus with temperature can lead to period shift signals with a temperature dependence and magnitude similar to those observed by KC and others. One example for this is the careful repetition (14) of the early solid 4 He in Vycor (6) experiment by the Pennsylvania State University group, in which an upper limit of 2 × 10 −5 was set for
Significance
The concept of a supersolid state in solid 4 He was first suggested in 1968, yet it was only in 2004 that experimental evidence for the existence of this new state of matter was presented. The possible discovery of the long-sought supersolid state created much excitement and was followed, however, by experimental and theoretical work that suggested that the original interpretation was not satisfactory. It is now clear that many of the originally observed signals can be explained by changes in the shear modulus of the solid in the experimental cells. In the experiments reported here, we have used an experimental technique that enables the distinction between the effects of the shear modulus and those of a possible supersolid state.
supersolid in Vycor. The period shifts in the original experiment probably arose from an increase of shear modulus μ of a thin layer of bulk solid 4 He in the TO cells. These results were also confirmed by double TO measurements (15) of solid helium in Vycor, where all of the apparent signal was attributed to elastic effects. Therefore, the current consensus in the field is that a supersolid phase has probably not been observed experimentally in solid 4 He so far. However, both recent theoretical predictions (16) and simulations (17, 18) do not rule out the existence of some type of superflow in the solid.
In an attempt to overcome the problems raised by the interplay between the mechanics of TOs and the shear modulus anomaly, we have used multiple-frequency TOs in a strategy to discriminate between period shifts arising from the elastic anomaly and those due to the existence of a possible supersolid. This approach has been successful in that in our most recent experiments with three TOs of different design we have observed the existence of a sample dependent frequency-independent contribution to the observed period shifts. The magnitude of the observed frequency-independent contributions, when normalized by the period shift measured upon freezing of the sample, ranges from 0.4 × 10 −4 to 1.5 × 10 . Such frequency-independent signals are possible candidates of the period shifts expected for the supersolid phase. In this paper we give a detailed discussion of these results including a careful consideration of the influence of the elastic anomaly on the mechanics of our individual TOs. We shall also include a discussion of previous multiple-frequency TO experiments (9, 19) of Kojima's group at Rutgers University and the more recent experiment (20) by Cowan's group at Royal Holloway, University of London. In the discussion of the interplay between temperaturedependent changes in the solid 4 He elastic modulus and the TOs we have used both analytic calculations and a finite element methods (FEM) approach for our analysis. An important conclusion from our analysis is that with careful design many contributions arising from the elastic anomaly can be strongly suppressed, and the remaining elastic contribution will be frequency-dependent, chiefly varying as the square of the TO frequency.
Extended Details of the Search Brief Early History. The early measurements of KC (6, 7) showed both the period shift and the velocity dependence that were expected to be present. Their signals ranged between 0.75% and 2.5% of the total moment of inertia of the solid sample. These numbers, ΔP=ΔP F , where ΔP is the period change attributed to the supersolid transition and ΔP F the change in period upon freezing of the solid sample, can be defined as fractional period shifts (FPS). That is analogous to the superfluid density ratio, or what is called NCRIF in many of the papers on the subject. The signals observed varied from sample to sample, with wide variation in signal size from the several percent level to the detection level of the measurements. This extreme dependence on samples, in addition to dependence on cell geometry, gave early indications, which were not immediately fully appreciated, that the experimental situation was not simple.
Unexpected Results. As other groups started repeating and extending the KC results, more confusing results were observed. One of the first of these were Rittner and Reppy's annealing experiments (8) . Annealing the samples for which signals were observed would result in significant reduction of the signals. However, quench-cooling of the samples, which generated stress and disorder, resulted in increased signal size. Double-mode oscillator experiments (9) revealed frequency-dependent signals, which were also inconsistent with a simple supersolid scenario. Flow measurements, performed at first by Hallock's group (21) and later by Chan's group (unpublished) and Beamish's group (22) revealed mass flow that decreased substantially below about 80 mK with a strong dependence on 3 He concentration. Rotating oscillator experiments, performed by the groups of Kubota (23), Shirahama (poster presentation at QFS2012), and Kim (24) showed a rotation dependence of the signals, with a velocity dependence different from that obtained by the TO velocity measurements. However, recent DC rotation measurements by the Golov group (25) show no such dependence. On the theoretical level, Path Integral Monte Carlo simulations performed by Pollet et al. (17) show no superflow in defect-free crystals but do show superfluidity of grain boundaries, and a Luttinger liquid in the cores of some dislocations. Anderson (26) , however, demonstrated superflow when investigating the Bose-Hubbard model and suggested that 4 He would exhibit the same behavior. All these results were inconsistent with the original supersolid scenario.
Elastic Properties of Solid 4 He. In 2007, DB (13) discovered an anomalous softening with increasing temperature of the shear modulus of solid helium over the same temperature range as the supposed supersolid. The anomalous period shifts observed in TO experiments can be partially explained by the elastic anomaly, and therefore are not necessarily a signature of a supersolid state. Given the importance of elastic effects in the temperaturedependent period of TOs used in the supersolid search, we will start with a brief summary of the elastic properties of solid 4 He. In Fig. 1A the shear modulus data, supplied by Beamish's group, for a polycrystalline sample are plotted as a function of temperature. The 4 He sample in these measurements was contained between two closely spaced parallel piezoelectric plates. One plate was excited in low-frequency transverse motion. The second piezoelectric plate served to detect the strain induced in the solid by the motion of the active plate. There are three distinguishable temperature regions seen in these data. There is a high-temperature region, above roughly 200-300 mK, where the shear modulus shows only a weak variation with temperature. In the region between 200 mK and 50 mK, however, there is a remarkable increase in the magnitude of the shear modulus to a maximum value achieved below 50 mK, in another temperature-independent region. Although the decrease in the shear modulus for a polycrystalline sample as shown in Fig. 1A is only 8% of the low-temperature value, much larger reductions have been observed in other experiments with single crystal samples. For example, in the giant plasticity experiments performed by Balibar's group at the École Normale Supérieure in Paris (27) , reductions in the shear DB demonstrated a sensitivity to 3 He concentration similar to that observed by KC. They also investigated the frequency dependence of the anomaly as well as the dependence on the strain level determined by the amplitude of the active plate. Fig. 1B shows recent 4 He shear modulus data, from the Paris group of Balibar (28) , as a function of temperature for frequencies ranging from 2 to 1.6 × 10 4 Hz. At the lowest temperature, and also in the region between 400 mK and 500 mK, there is little dependence on frequency compared with the region where the shear modulus is declining rapidly with increasing temperature, where a frequency dependence is clearly evident.
The current understanding of the phenomena of this elastic anomaly is based on the temperature-dependent pinning of dislocation lines by the 3 He impurities. Given a sufficient concentration of 3 He atoms in the 4 He solid, the dislocation lines will be strongly pinned at low temperatures; however, as the temperature is raised, the dislocations become unpinned and mobile as the pinning 3 He atoms evaporate from the lines. The increased mobility of the dislocation lines with unpinning leads to a reduction in the shear modulus of the solid 4 He. Once the 3 He has completely evaporated, the shear modulus becomes again, as in the lowtemperature region, relatively independent of temperature. At considerably higher temperatures the mobility of the dislocations is restricted by damping from thermal excitations in the solid. Increasing the stress on the samples also results in tearing the 3 He atoms away from the dislocation lines, hence creating an apparent velocity dependence of the signals. For a comprehensive discussion of the rather complex problem of the motion of dislocation lines in solid 4 He, see the review article by Balibar et al. (29) . In our work, the frequency range of the multiple frequency TOs is restricted to a range between 600-2,500 Hz, much smaller than that shown in Fig. 1 . In the analysis of the data, we will be emphasizing the changes in TO period for changes in temperatures between the low-temperature region below 50 mK and the hightemperature region between 300 mK and 500 mK, thus avoiding the region where the shear modulus is strongly frequency-dependent. Importance of the elastic effects. Over the past several years there has been a gradual emergence of an appreciation of the significance of the interplay between elastic properties of the solid and the mechanics of TOs. These explain much, if not all, of what had been seen in the TO experiments. As shown in the DB plot (Fig. 1A ), μ decreases with increasing temperature, and this shear modulus decrease leads to an increase in the period of a TO when the shear modulus plays a role in the stiffness of the TO, either in the fill line or in the body of the sample cell, thus mimicking the reduction of the period with increasing temperature expected for a supersolid. These TO period shifts can arise from any one of the following: i) Acceleration of the solid helium in the cell (30) .
ii) The Maris effect: the counterstress of solid on the cell walls (31). iii) Twisting of the cell walls. iv) The fill line effect: stiffening of the solid 4 He in the torsion rods (32) . v) The dissipative dynamics of the solid (33) . vi) Coupling different mobile parts of the cell via the solid helium.
There are two main approaches to calculating these different contributions:
i) The analytic approach, in which simple geometries are used to give approximations and upper limits of the observed contributions. These show a frequency squared dependence of the elastic contributions inside the cell, suggesting the use of multiple-frequency TOs as a tool to distinguish between these effects and a possible supersolid signal.
ii) FEM modeling can give more accurate results for specific cell geometries. In this approach as well, where only elastic effects are being considered, plots of FEM FPS vs. f 2 show no frequency-independent contributions, within the uncertainties of the calculation, for cells in which the torsion rod effect is not present or significant.
In Supporting Information, we provide a more detailed discussion and calculations of the known elastic effects of solid 4 He for one of our TOs, using both an analytical approach and an FEM.
A main concern is that in single-frequency oscillators it is not possible to distinguish between a possible real supersolid and an elastic contribution. In recent work by the Pennsylvania State University group (34) a very rigid cell was used in attempt to decrease as much as possible all elastic effects. Two different rigid oscillator designs were used to examine samples at pressures between 34 bar and 60 bar with rim velocities between 11 μm/s and 19 μm/s. An NCRI signal of 4 × 10 −6 was obtained for one cell and the other showed a value of 2 × 10 −5 . Solution: Multiple-mode TOs. The effect of the helium's shear modulus change on the TO's period leads to the problem of how to distinguish a genuine supersolid signal from one induced by changes in the elastic modulus of the 4 He sample. One needs to consider the dynamics of the TO and the interplay between the TO mechanics and the elastic properties of the sample. One conclusion to be emphasized is that if one hopes to identify a true supersolid signal then any potential candidate should be put to the multiplefrequency test to eliminate elastic contributions. It is critical in the design of a TO that the significant elastic effects should be understood and reduced to a minimum to facilitate the analysis of the observed FPS. In such a case there will be only two contributions to the observed signal: a frequency squared elastic term and a frequency-independent supersolid signal. A double-frequency TO would then be enough to distinguish between the two.
For the simple case of a double oscillator with cell and dummy moments of inertia, placed on a vibration isolator (VI) satisfying the condition I VI I cell and I VI I dummy , for example, the influence of the VI on the resonance periods of the TO is small and one can approximate the eigenmodes of the system by solving
Here k c and k d are the torsion constants of the rods of the cell and dummy piece, I are the moments of inertia, and θ are the angular displacements.
Therefore, under the approximation that the VI has an infinite moment of inertia, the two resonance angular frequencies are given by
The sensitivity to changes in moment of inertia for a TO can be determined experimentally from the period shifts observed upon freezing of the sample or estimated analytically from the equations of motion for the TO. In the case of a single-mode TO, when the moment of inertia of the solid sample, I He , is much less than I c , the moment of inertia of the sample cell, the sensitivity is given by the approximate expression
In the case of a two-mode TO, the expression for the sensitivity has an additional factor and is given by the expression
where
For our open cylindrical cell we get a reduction in the sensitivity of about a factor of two compared with the case of a single-mode oscillator. Even with that reduction, our sensitivity to changes in the moment of inertia of the helium is around Δp F =p = 0.01, comparable to the numbers reported by the Chan group for their high-sensitivity long-path-length experiments (35) .
For the case of triple-mode oscillators, or when taking the VI into account, there is a closed form for the frequencies, and they can be easily determined using root-finding algorithms.
Experiments
General Apparatus and TO Designs. In the work reported here, we have used TOs of two different designs: an open-cylinder sample geometry and an annular sample geometry. There have also been several iterations of our basic design making minor changes in an attempt to improve the sensitivity of our data. In Fig. 2 we show schematics of three of our TOs. Fig. 2 A and B show an opencylinder design and in Fig. 2C the solid 4 He sample is contained in an annular region. The frequencies and mass loading sensitivities for these cells are shown in Table 1 .
The cells were driven and detected using parallel plate capacitors. The detection was mostly done with two capacitors connected in parallel, placed on opposite sides on the cell, to reduce floppy mode vibrations. In some of our later designs one capacitor plate was placed on the dummy piece and the other was placed on the vibration isolator, to further reduce vibrational effects on the detection. The moving electrode was biased with 200 VDC. For most of our measurements the modes were driven simultaneously with identical maximum rim velocities, usually around 4 μm/s for each mode. We also made several measurements with different velocities and with constant driving force, rather than constant oscillation amplitude, as well as several measurements where only a single mode was driven.
The general course of measurements was the following. Before the formation of a solid 4 He sample we made careful background measurements of the period p of the different modes of the oscillator with vacuum in the cell. This measurement was done either by slowly sweeping the temperature or by heating/ cooling in steps and waiting for the period to relax to a constant value at each temperature step. Measurements of the dependence of the period of the empty cell on the velocity/acceleration were then also made. The relaxation times observed at each temperature step are strongly temperature-dependent, as shown in Fig. 3 , where the relaxation times observed for our triple TO are shown. The large increase in the relaxation time with decreasing temperature is suggestive of thermal activation.
After the empty cell data were obtained, we formed polycrystalline samples by the blocked-capillary method from commercial 4 He gas, having a nominal 0.3 ppm 3 He impurity level. We then repeated the temperature and velocity altering measurements that we had performed for the empty cell. The period change ΔpðTÞ is the deviation of the period of the TO from the empty cell background, which is matched at 300 mK to the full cell's values. The 300-mK temperature was chosen because at this temperature the shear modulus is relatively independent of both frequency and temperature.
Expectations from a Supersolid State. The supersolid state is assumed to be a Bose-condensed state in a solid sample of 4 He and as such it should present properties resembling those of superfluids. One of these expected basic properties is a clear phase transition temperature. Specifically, if a solid sample contained in a TO is cooled below the supersolid transition temperature, the period of the oscillator is expected to decrease, depending on the size of the supersolid fraction. That period drop should be independent of the frequency of the oscillator, assuming the velocity of the cell is below the critical velocity. Critical velocity is yet another basic property of the supersolid. Increasing the velocity of the cell below the transition temperature should cause a reduction in the period change. These properties should also hold in the case of a lower dimensional superflow in the solid, such as superflow of grain boundaries or dislocation cores (17) . Our Results. We performed experiments using both open cylindrical cells and annular cells, with both double-and triple-mode oscillators made of several materials and observed a qualitatively similar behavior in all cases. All our samples were grown using the blocked-capillary method, with sample pressures ranging between 26 bar and 34 bar. The mass loading-the period change upon filling the cell with solid-was measured both upon growing the samples and when melting them at a constant temperature, usually of 0.5 K. The pressure dependence of the cell was taken into account when comparing the two. Double-mode oscillators. We used both an open cylinder and an annular sample cell geometry in our double-mode oscillator measurements. One reason we used an open cylinder was to increase the size of the small expected signal. The annular cell, however, had a smaller signal but was much less sensitive to changes in the elastic modulus of the helium. Cross-sections of the double TOs used for the measurements presented here appear in Fig. 2 A and C. The open-cylinder cell was made out of Mg and the torsion rods were BeCu, as was the dummy piece. The TO was mounted on a double VI with Cu torsion rods and Pb moments of inertia. The outer Mg wall of the cell was tightly connected to an Al base with a 36-threads-per-inch screw joint. The threads were coated with TRA bond epoxy to provide a leak-tight seal. The torsion rod, in turn, was attached to the Al base. The inner radius of the cell was 0.794 cm, the outer radius 0.953 cm, the inner height 3.251 cm, and the thickness of the bottom 0.159 cm. The Al plate epoxied to the cell was 0.794 cm thick. The torsion rods had a diameter around 0.37 cm. The rod closest to the cell was 1.05 cm long, and the one between the dummy moment of inertia and the VI was 1.71 cm long. Steel inserts were epoxied or soldered into holes in the copper VI to provide a hard surface for the lead O-ring seals between the TO and the VI. The annular cell, its dummy piece, and torsion rod were all constructed of Al 6061. The torsion rod had been heat-treated. The VI for that cell was made of Ti alloy. In this cell most of the sample was confined in a long annular channel with inner radius of 0.635 cm, outer radius of 0.794 cm and a height of 3.28 cm. The height of the cylindrical space at the bottom of the cell was 0.127 cm.
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In the design of our TOs we have taken care to minimize the inner diameter of the cell fill line to reduce the influence of changes in the shear modulus of the solid in the fill line on the frequency of the TO. In the open-cylinder design, the cell was filled through a 0.1 mm i.d. × 0.25 mm o.d. CuNi tube, which passed through a 0.71-mm-diameter hole drilled along the central axis of the torsion rods. The void between the outer diameter of the fill line and the hole drilled in the torsion rod was filled with 1266 Stycast epoxy to exclude the possibility of solid 4 He in this region. For the annular cell the torsion rods had inner fill lines with a radius r fill = 0.017 cm and an outer radius r rod = 0.256 cm, for a ratio of r fill =r rod = 0.067. The different moments of inertia and torsion constants are shown in Tables 2 and 3. For the open cylinder TO detection electrodes were mounted on the VI, and their capacitances were 2.3 pF and 2.5 pF. For the empty cell, the low mode frequency was 758.60 Hz and the high mode frequency was 2073.61 Hz. The corresponding frequency shifts upon solidification of the sample were 7.68 Hz and 22.04 Hz, respectively. These give periods shifts of Δp F− = 13.48 μs and Δp F+ = 5.18 μs of mass loading for the different modes, which translate to Δp F =p = 0.01 for both modes. These numbers require an accuracy of only a few parts of a millihertz to detect 10 −4 signals. The frequency stability for our modes was less than 0.06 mHz for the low mode and less than 0.02 mHz for the high one. The Qs were 10 5 for the high mode and 2.5 × 10 5 for the low mode at low temperatures. We also measured the pressure dependence of the period of the cell. The period changed by 1 ns for the high mode and 2.2 ns for the low mode for each 1-bar change. These give corrections around 0.5% for the mass loadings.
For the annular cell at T = 0.5 K, the resonance frequencies of the empty TO were f − = 646.0 Hz for the low-frequency mode and f + = 1,543.0 Hz for the high-frequency mode. The total period shifts for the two modes, between the liquid and the solid phases, were Δp F− = 2.75 μs and Δp F+ = 1.69 μs. Fig. 4 shows the period vs. temperature of the two modes of the open-cylinder TO both upon cooling and heating for a sample with P = 31 bar. The sample pressure was estimated from the melting temperature of 1.8 K, taken upon slow heating of the sample. Uncertainties in determining the exact melting temperature would suggest an uncertainty of 0.5 bar at most in the pressure estimation. The full markers show the equilibrium values of the period of the TO containing the sample at the different temperatures, and the empty markers are the period of the empty cell, shifted to match the values of the full cell at 300 mK. The difference between those two datasets is the period shift Δp. All points were taken using a constant maximal velocity of 4 μm/s for each mode. Fig. 4 , Inset shows the period shifts Δp F upon growing a sample. For this particular sample the mass loadings were Δp F− = 13,741.19 ns and Δp F+ = 5,294.43 ns, from reducing the cell pressure at 500 mK. Dividing Δp taken from the data of Fig. 4 by these mass loadings gives the temperature-dependent FPS. These are plotted in Fig. 5 for both modes. If the observed signals were attributed entirely to supersolidity, we would expect the FPS to be frequency-independent and depend only on temperature. If, however, there is no supersolid and the signal comes entirely from the elastic effect arising chiefly from the acceleration of the 4 He solid (because our cell is designed to suppress other elastic effects), then the signal would depend on the frequency of the mode with an f 2 dependence. The results actually show both.
We can therefore decompose the measured Δp=Δp F of the two different modes into these contributions: For each mode, the FPS can be written as Δp ± ðTÞ=Δp F± = aðTÞ + bðTÞf 2 ± , where aðTÞ is the temperature-dependent supersolid (or other frequencyindependent) contribution to the FPS. The elastic contribution to the FPS is bðTÞf 2 ± . In Fig. 6 , we plot both the elastic contributions to the FPS and the frequency-independent one as a function of temperature. It can be seen that the elastic contribution continues to change above T = 0.2 K. This feature is consistent with the continuing change in μ above 0.2 K and is seen in previous TO experiments that are dominated by elastic effects (36, 37) . The frequency-independent term, however, seems to level out above around 0.1 K.
Another way to present the data is shown in Fig. 7 , which shows a plot of the FPSs vs. f 2 . Here Δp is taken as the period shift between 30 mK and 300 mK, where the empty cell data matching was done. These temperatures were also chosen because their shear modulus is only slowly varying with temperature and has a relatively small frequency dependence. Specifically, 300 mK usually gives the smallest zero-frequency intercept, and matching at other temperatures between 200 mK and 500 mK can increase the intercept by up to 30%. The zerofrequency intercept in this case is the part of the signal that does not depend on frequency, and therefore is not an elastic contribution, but possibly a supersolid term. In the annular cell, the same as in the open-cylinder cells, we measured a frequencyindependent contribution to the data, on the order of 10 −4 of the total moment of inertia of the helium in the cell at the low temperature limit. The main difference in this cell is the difference in the elastic effects size. For the annular cell the elastic effects were about an order of magnitude smaller than in the open cylinder.
The modes were usually driven simultaneously for our experiments, but we repeated the measurements with the modes driven separately upon heating and cooling and got the same results, with a small 0.67 ns difference for the high mode. The high mode's error bar in Fig. 7 arises from both that difference and the difference between the heating and cooling curves. The acceleration or velocity dependence of the sample was carefully measured. We measured both the empty and full cell's velocity dependence ranging over more than two orders of magnitude, with the modes driven separately, at two different temperatures, the first one being the low temperature of 30 mK and the second one 300 mK. The sample's 300-mK data's acceleration dependence is the same as that of the empty cell both at 30 mK and at 300 mK-which agrees well with choosing the 300-mK temperature as the point where the low temperature effects no longer appear. Fig. 8 shows the acceleration dependence of the two modes at these two temperatures, as well as the empty cell data at those temperatures. As can be seen in Fig. 9 , the zero-frequency intercept seems not to depend on the acceleration up to 15 rad/s 2 , where it starts dropping, and reaches zero around 60 rad/s 2 . The elastic parts of the signal, however, show a continuous drop in the signal size with acceleration. In terms of shear stress, 15 rad/s 2 correspond to 0.05 Pa, or a strain of 3 × 10 −9 , which, comparing to shear modulus measurement experiments (38) , is below the 10 −7 critical strain reported, and is well into the fully pinned region for the 3 He atoms on the dislocations at 30 mK (39). We did not measure above 100 rad/s 2 because that made irreversible changes to the frequency; 100 rad/s 2 correspond to 0.3 Pa, which, according to a recent paper by Kim and coworkers (39) , is in the hysteretic region for the dislocation behavior. At high enough accelerations even the frequency of the empty cell was altered, and the temperature of the cell could be affected.
Triple-mode open cylinder. To test the validity of our assumption, that in our double-mode TOs there are only two significant contributions-the frequency-independent one and an f 2 -dependent one-we constructed a triple compound oscillator. A schematic cross-section of the TO can be seen in Fig. 2B . The entire TO was made out of aluminum 6061, and the torsion rods K cell and K dummy1 were heat-treated at 413°C for 3 h, followed by a slow cool-down to room temperature. The triple oscillator was placed on a VI with a brass piece as a moment of inertia and an aluminum torsion rod. The Al rod, K dummy2 , connecting the TO to the VI was 1.55 cm long with a 6.35-mm diameter and had a 0.343-mm-diameter hole drilled through its center for filling the cell, and the two other rods (both 1.27 cm long with a 4.57-mm diameter) had a 0.71-mmdiameter hole filled with Stycast 1266 through which a tube with an inner diameter of 0.1 mm was inserted and served to fill the cell. The bottom and top torsion rods were connected by screws, and so was the brass piece. The cell itself was an open cylinder that was sealed with a TRA-BOND 2151 on the threads connecting it to the end of the torsion rod. The height of the inner part of the cell was 3.3 cm, the inner radius was 0.79 cm, the wall's and bottom part's thickness was 0.13 cm, and the top of the cell was 0.95 cm thick. The torsion constants and moments of inertia of the different parts of the cell are shown in Table 4 .
The measured empty cell frequencies at 40 mK were f 1 = 2,129.54 Hz, f 2 = 1,336.99 Hz, f 3 = 706.20 Hz, and the Qs were all in the several 10 5 range. Our frequency stability for the different modes was less than 0.008 ns for the high mode, 0.034 ns for the middle mode, and 0.14 ns for the low mode. The pressure dependence of the cell, as measured at 5 K by changing the cell pressure between 0 and 60 bar was Δp=Δp F = 2 × 10 −4 /bar for all three modes. For one set of data, for example for a 28-bar sample, the mass loading sensitivities were measured to be Δp 1F = 2,682 ns, Δp 2F = 1,802 ns, and Δp 3F = 8,956 ns. Correcting these values by the pressure dependence changes them only by about 0.5% of the Δp F of the different modes. The moving electrode for this oscillator was attached to I dummy 2 . We used two detection capacitors, both of 2.5 pF.
We grew five different samples, four of which had pressures ranging between 26 and 28 bar, and one that had around 17% liquid in the cell. All solid samples deviated from the empty cell background below 0.2 K. The sample containing 17% liquid did not show this deviation. However, it did not follow the empty cell background above 0.2 K, but rather had a curved profile with the period increasing with temperature. For this particular experiment we were not able to measure stable data points at 30 mK, but because the period hardly changes below 50 mK, we take the 40-mK data point as being close enough to a lower temperature value and give a reasonable estimate of the signal size.
The values of Δp=Δp F for the 28-bar sample are shown in Fig.  10 . The error bars come from the small difference between the slopes of the empty and full cell data points. We matched the empty cell and full cell points at 0.3 K.
All our measurements were done with outer cell wall maximal velocities below 20 μm/s, at a regime where Δp=p changes by less than 10 −7 by changing the velocity. The empty cell Δp=p values for all three modes had almost the same dependence on the velocity of the cell, changing by about 4 × 10 −7 when increasing the velocities to 100 μm/s. The full cell period starts to deviate from the empty cell background at around 20 μm/s. shown in Fig. 10 , vs. the frequency squared of each mode can be seen in Fig. 11 . The line in the plot is a fit to a straight line. It gives a nonzero intercept of 7.3 × 10 −5 ± 2.8 × 10 −5 with the y axis. The different intercepts for the rest of the samples varied between 3.55 × 10 −5 ± 0.32 × 10 −5 and 1.33 × 10 −4 ± 0.39 × 10 −4 . We performed FEM simulations on our triple TO design as well, changing the shear modulus of the helium inside the cell. All shear modulus changes produced plots with zero y axis intercepts for the Δp=Δp F vs. f 2 plots, within the uncertainties of the calculation. From these simulations, we find that a shear modulus change of around 20% can account for the elastic part of our observed signal, but not for the frequency-independent term. The only other frequency-independent contribution which can exist in our cell is the fill line effect, which for our design for a 100% change of the shear modulus of the helium in the fill lines gives Δp=Δp F of less than 3 × 10 −8 for all modes, three orders of magnitude smaller than our smallest nonzero intercept.
The Validity of Our Assumptions. There are several assumptions underlying the analysis of our data. The main one is that the elastic contribution to the signal can be well approximated by an f 2 dependence. That term is actually just the leading term in the series expansion of the changes in the effective moment of inertia of the cell due to elastic effects (30) .
For our annular cell, using an approximation of an infinite cylinder with a radius r 0 Δr, where Δr is the width of the annulus, we get 
[5]
Here ρ and μ are the density and shear modulus of solid 4 He. We are interested in the change in this expression due to variations in the shear modulus Δμ = μ 1 ðT = 30 mKÞ − μ 2 ðT = 300 mKÞ.
The error introduced by considering only the first ω 2 term in our analysis is
This gives, for shear modulus values of μ 1 = 1.5 × 10 8 dyn·cm where J n (x) are the Bessel functions of the first kind. Again, in our analysis, we consider only the ω 2 term in the series expansion for ΔI eff =I He . Here, the errors we get are 1.9% for the high mode and 0.3% for the low mode. The shear modulus difference was evaluated from the size of the measured elastic contribution. Here we used μ 1 = 1.5 × 10 8 dyn·cm −2 and μ 2 = 1.24 × 10 8 dyn·cm
. It is important to point out that the influence of the following terms, such as the ω 4 correction, would be in expanding the horizontal axis of figures such as Fig. 7 . That, in turn, would slightly increase the zero-frequency intercept.
Another assumption of our model is that the shear modulus of the helium is frequency-independent. As can be seen in Fig. 1 , there is actually a strong frequency dependence of the shear modulus in the intermediate range of 50 to 200 mK, where the shear modulus itself changes with temperature; however, for the frequencies used in our experiments, in the temperature ranges of either below about 40 mK and above around 250 mK the shear modulus has only a small dependence on frequency. From the polycrystalline data by Beamish's group (shown in Fig. 1A) , at 300 mK, the difference in shear modulus for the frequencies used in our experiment is less than 1% of the total shear modulus. Hence, the correction to the frequency-independent term in the plots of FPS vs. f 2 , where the signals are taken as the difference in period between 300 mK and 30 mK (or 40 mK for the triple TO), would be less than 1% of its value. It is worth mentioning that even in the intermediate range where the shear modulus changes the most with frequency the correction to the data shown in Fig. 6 would be less than 2.7% at most (around 0.1 K) in that range.
Another issue is the strong dependence of the zero-frequency intercept on the measured value of the low mode. Therefore, the accuracy of the measurement of that mode is crucial. Large mass loading sensitivities, as the ones in our experiments, alongside low vibrational noise at the low mode's frequency enable highsensitivity measurements with small errors. Finally, we assumed a homogenous sample where the shear modulus of the helium in the cell would change by the same amount all over the cell. That does not necessarily need to be the case, but because it will not change the general frequency dependence it will not have an effect on the zero frequency term for our cells, where non-f 2 contributions, such as the fill line effect, were reduced to a minimum.
Comparison with Previous Results
Previous Multiple TOs. Two other groups previously performed and reported the results of measurements of solid helium confined in a double TO, the Royal Holloway (RH) group (20) and the Rutgers group (9, 19) . In these experiments, the distinction between the elastic and a possible supersolid effect is unclear, because the FPS signals contain significant contributions due to the stiffening of solid 4 He in the torsion rods of both experiments. In the Rutgers TO, the fill line drilled down the axis of the torsion rod to fill the cell had a diameter of 0.8 mm, whereas the torsion rod itself had a diameter of 1.9 mm. A 20% change in the shear modulus of the helium in the torsion rod would give Δp=Δp F values of 1.1 × 10 −3 for the low mode and 0.86 × 10 −3 for the high mode. These numbers are comparable to the values reported in their 2007 paper (9) . In that case the fill line effect alone could account for the entire observed signal in the experiment, so any supersolid signal, should it exist, would be very hard to discern from the data.
For the design of their cell the RH group chose a "pancake" geometry. This design is open to several elastic effects that contribute to the period shift signal. The cell had a relatively thin base plate, only 1 mm thick, for a radius of 7 mm. The holes drilled for filling their cells gave ratios of 0.17 and 0.37 for the inner to outer radii of the torsion rods. These enable elastic signals, such as the filling line effect and the Maris effect, on the order of their measured signals, making the distinction between a frequency-independent contribution arising from elastic effects to one arising from a different origin difficult.
In a previous work, Mi and Reppy (37) reported the preliminary result from a double-frequency TO that was designed to be chiefly sensitive to elastic effect due to acceleration of solid 4 He. In that experiment, a frequency-independent contribution to the FPS was observed that was equivalent to an inertial mass decoupling of the cylindrical sample corresponding to an NCRI/ supersolid fraction of 1.2 × 10 −4 . That number is comparable to the signals reported in this paper.
Other Relevant Experiments. There are only two other experiments showing signals smaller than the ones reported here. These are the rigid TO experiment by the Chan group (34) and a doubleoscillator experiment by the Kim group (40) . In both these TO experiments, in which they report an upper limit of 4 × 10 −6 to a possible supersolid signal, the experimental cell had a nonsimply connected geometry, and the samples had pressures all above 34 bar. It is possible that either the sample pressure has an effect on the size of the signal, or, should there be a percolating network allowing a flow to take place, then the path length and crosssection of the sample might play a role.
Recent flow measurements by three groups (21, 22) (and Haziot, unpublished) report flow in the solid that has a different temperature dependence than the signals observed with TOs. In these flow experiments, the signals decrease with increasing sample pressure, and no flow is apparent above 31 bar. Hallock's group has recently reported (41) flow through solid 4 He in a cylindrical cell with radius of 3.175 mm. The observed mass flux rate peaked at 5.3 × 10 −8 g/s before falling to 2.4 × 10 −8 g/s at temperatures below 80 mK. The maximum flow corresponds to 1.7 × 10 −7 g/s cm 2 through the cross-section of the cylindrical sample. This flow can be compared with our TO results. For example, with a supersolid fraction of 10 −4 and a flow velocity of 25 μm/s (Fig. 9 ) the corresponding current would be 5 × 10 −8 g/s cm 2 for our annular cell.
Comparison with Theory. The original theoretical calculations (3) regarding the superfluid fraction of solid helium at low temperatures give an estimation of around 10 −4 . Our numbers, ranging between 0.4 × 10 −4 and 1.3 × 10 −4 of the total moment of inertia of the solid helium in the cell, are comparable to the ones assumed by theoretical modeling of a supersolid (42) . Path integral Monte Carlo simulations results perhaps show no vacancybased supersolid in perfect single crystals containing several thousand atoms (43) yet do not rule out other mechanisms for superflow in solid 4 He, such as flow along percolated networks of dislocations or grain boundaries (17) .
Conclusion
For all of the cells reported in this paper, for all samples grown, there was always a frequency-independent contribution to the signal, of the same order of magnitude. We did, however, use other cells of different geometries, which, as opposed to the cells in this paper, were all not simply connected. For those cell geometries there was a significant reduction in the size of the frequency-independent contribution. The results of these experiments have not yet been published.
Our results, therefore, indicate the existence, for some, but not all, solid samples contained in a variety of sample geometries, of a frequency-independent contribution to the period. The existence of such a signal can be taken, in the absence of another explanation, as evidence for the supersolid state.
Future Tests
There are yet some tests left to perform to pin down the exact nature of the apparent phenomenon-which will enable stating for certain whether it is a supersolid or not. One of them is repeating previous blocked annulus experiments (37) with a multiple-mode TO. A supersolid phase would only give a period change in a TO if the condensed phase has a closed circular path, so blocking its path should cause almost the entire signal to disappear. Elastic effects, however, should not decrease by the same amount.
Recent TO experiments (34) with solid 3 He in the HCP phase have shown period shift signals similar to those seen in solid 4 He. Again, the shear modulus of the hcp phase of solid 3 He has an anomaly similar to that of solid 4 He, which suggests that the 3 He period shift signal must arise as a consequence of the elastic anomaly. Solid 3 He is not Bose system and therefore is not 
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Δp/Δp F (f=0)=7.3x10 -5 ±2.8x10 -5 Δp/Δp expected to exhibit a Bose-condensed supersolid phase. Therefore, if a frequency-independent contribution were to be observed in the case of solid 3 He, this would provide a strong argument against a supersolid origin for the observed zero-frequency contribution seen in our 4 He experiments.
